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$\{\begin{array}{l}u_{t}=\triangle u-a|u|^{p-1}u\partial_{\nu}u=|u|^{q-1}uu(x, 0)=u_{0}(x)\end{array}$
.
in $\Omega\cross(0, T)$ ,
on $\partial\Omega\cross(0, T)$ , (1)
in $\Omega$ .
$\Omega\subset \mathbb{R}^{n}$ $\partial\Omega$ , $p,$ $q>1,$ $a>0$ .
(1) . (1)
[2], [7] ,
(cf. [1], [3], [8], [9]). .
$p>2q-1$ $p=2q-1,$ $a>q$ , (1)
. $p<2q-1$ $p=2q-1,$ $a<q$ ,
. ( ). , $p=2q-1,$ $a=q$ ,
, (1) [2].
$\phi’’=q\phi^{2q-1}$ $in$ $(-1,1),$ $\phi(\pm 1)=+\infty$ .
$(n\geq 2)$ .
Theorem 1. Let $n\geq 2,$ $p=2q-1$ and $a=q$ . Then every positive solution of (1)
blows up in a finite time.
, $p=2q-1$ .
, blow-up rate . Rossi[10]
, (1) blow-up rate .
.
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Theorem 2 $(n\geq 1)$ . Let $p<2q-1$ or $p=2q-1,$ $a<q$ . Assume that $u(r, t)$ is
a positive radially symmetric solution which blows up in a finite time T. Then there
exist $c,$ $C>0$ such that
$c(T-t)^{-\frac{1}{2(q-1)}}\leq\Vert u(\cdot, t)\Vert_{\infty}\leq C(T-t)^{-\frac{1}{2(q-1)}}.$
.
Theorem 2 blow-uP rate
. $w(\rho, s)$ .
$w(\rho, s)=(T-t)^{1/2(q-1)}u(R-\rho(T-t)^{1/2}, t)$ , $T-t=e^{-s}$ . (2)
$w(\rho, s)$ .
$\{\begin{array}{l}w_{s}=w’’-\frac{(n-1)}{R_{s}-\rho}w’-\frac{\rho}{2}w’.-\frac{w}{2(q-1)}-ae^{-sk}w^{p} in \Omega_{s},w’(O, s)=-w(O, s)^{q} for s\geq s_{0},\end{array}$ (3)
$s_{0}=-\log T,$ $R_{s}=e^{s/2},$ $\Omega_{s}=\{(\rho, s);0<\rho<R_{s}, s>s_{0}\},$ $k=(2q-1-$
$p)/2(q-1)$ . (1) $au^{p}$ $u^{q}$ , (3)
$e^{-sk}$ . Theorem 2 $k\geq 0$ ,
$p<2q-1$ $k>0,$ $p=2q-1$ $k=0$ . , $p<2q-1$
$p=2q-1$ .
, $p=2q-1,$ $a=q$ blow-up rate .
, .
Theorem 3 $(n\geq 2)$ . Let $p=2q-1_{f}$ $a=q$ . Assume that $u(r, t)$ is a positive
radially symmetric solution which blows up in a finite time T. Then there exists
$c>0$ such that
$\Vert u(\cdot, t)\Vert_{\infty}\geq c(T-t)^{-\frac{1}{(q-1)}}$ .
Moreover, if $u_{0}’(r)\leq u_{0}(r)^{q}$ for $r\in[0, R]$ , then there exists $C>0$ such that
$\Vert u(\cdot, t)\Vert_{\infty}\leq C(T-t)^{-\frac{1}{(q-1)}}$ .
. $p=2q-1,$ $a=q$
$(p<2q-1$ $p=2q-1,$ $a<q$
(3) [4], [10] $)$ .
$v(r, t)$ .
$v(r, t)=u(r, t)^{-(q-1)}$ .
,
$\{\begin{array}{l}v_{t}=v’+\frac{n-1}{r}v’+\frac{q}{(q-1)v}((q-1)^{2}-|v’|^{2}),v’(O, t)=0, v’(R, t)=-(q-1).\end{array}$ (4)
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(1) $u(r, t)$ $T$ , $v(r, t)$ $T$
. , (1) $u(r, t)$ $\{r=R\}$ , $v(r, t)$
.$\{r=R\}$ . , (1) $u(r, t)$
, $v(r, t)$ r $\sim$ R .
$v’(R, t)=-(q-1)$ , (4) $r=R$
. , (4) $r\sim R$
, $v(r, t)$ $u(r, t)$ $T$
. $v(r, t)$ $T$
. .
Theorem 4. Let $n\geq 2_{f}p=2q-1,$ $a=q$, and $u(r, t)$ be a positive radially
symmetric solution which blows up in a finite time T. Then $v(r, t)$ converges to
some function $v_{*}(r)$ in $C^{1}([O, R])$ as $tarrow T$ .
1
1.1 Theorem 1
$\Omega=B_{R}=\{x\in \mathbb{R}^{n};|x|<R\}$ . $v(x, t)$
$v(x, t)=u(x, t)^{-(q-1)}$ . $v(r, t)$ .
$\{\begin{array}{l}v_{t}=v’’+\frac{n-1}{r}v’+\frac{q}{(q-1)v}((q-1)^{2}-|v’|^{2}),v’(0, t)=0, v’(R, t)=-(q-1), v(r, 0)=v_{0}(r).\end{array}$ (5 )
$v_{0}(r)=u_{0}(r)^{-(q-1)}$ . (1) $u(r, t)$ , $v(r, t)$
. , $v’(r, t)$
. , (5) $r$
$V(r, t)=v’(r, t)$ .
$\{\begin{array}{l}V_{t}=V"+\frac{n-1}{r}V’-\frac{n-1}{r^{2}}V-\frac{qV}{(q-1)v^{2}}((q-1)^{2}-V^{2})-\frac{2q}{(q-1)v}VV’,V(0, t)=0, V(R, t)=-(q-1), V(r, 0)=v_{0}’(r).\end{array}$ (6)
Lemma 1. $v(r, t)$ (5) $v_{0}’(r)\geq-(q-1)$ .
$v’(r, t)$ .
$v’(r, t)\geq-(q-1)$ for $(r, t)\in[0, R]\cross[0, T)$ .
Proof. (6) , .
Lemma 2. $u(x, t)$ $\Omega=B_{R}$ (1) . , $c>0$
$|u(x, t)|\leq c(R-|x|)^{-1\prime(q-1)}$ .
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Proof. U $(r)=c(R-r)^{-1/(q-1)}$ , $c>0$ $U_{c}(r)$ super-
solution . $\square$
Lemma 3. $v(r, t)$ (5) . $v_{0}’(r)\geq-(q-1)$
, $v(r, t)$ $\{r=R\}$ .
Proof. Lemma 1 $v’(r, t)\geq-(q-1)$ , $v’(R, t)=-(q-1)$
, $v’(R, t)\leq 0$ . $v(r, t)$ (5) , .
$v_{t}(R, t) \leq-\frac{(n-1)(q-1)}{R}$ . (7)
Lemma2 , $v(r, t)$ $[0, R)$ , $v(r, t)$ $\{r=R\}$
.
, . $u(x, t)$ (1) , $d_{0}= \sup_{x\in\Omega}$ dist $(x, 0)$
. , $w_{0}(r)$ : (i) $w_{0}(|x|)\in W^{2,\infty}(B_{d_{0}})$ ,
(ii) $w_{0}(|x|)\leq u(x, 0)$ for $x\in\Omega$ , (iii) $w_{0}(d_{0})=w_{0}(d_{0})^{q}$ , (iv) $|w_{0}’(r)|\leq w_{0}(r)^{q}$ for
$r\in[0, d_{0}]$ . $w_{0}$ .
$w_{0}(r)=\{$ $\{_{\epsilon^{-(q-1)}}^{\epsilon^{-(q-1)}}$ I $\frac{(q-1)d_{0}}{(q-14})_{(d_{0}-r)-q_{\frac{-1}{d_{0}}(d_{0}-r)^{2})^{-1\prime(q-1)}}}^{-1’(q-1)})$ if $r\in[d_{0}\prime 2, d_{0}]$ .if $r\in[0, d_{0}/2]$ ,
$\epsilon$ . $w(r, t)$ $\Omega=B_{d_{0}}$ , $w_{0}(r)$
(1) . $z(r, t)=w(r, t)^{-(q-1)}$ . $|w_{0}(r)|\leq w_{0}(r)^{q}$
$z_{0}’(r)\geq-(q-1)$ , Lemmal $z’(r, t)\geq-(q-1)$ .
$w’(r,$ $t)\leq w(r,$ $t)^{q}$ for $(r, t)\in[0,$ $d_{0}]\cross(0, T)$ .
,
$\partial_{\nu}w(|x|, t)\leq w(|x|, t)^{q}$ for $(x, t)\in\partial\Omega\cross(O, T)$ .
$w(|x|, t)$ sub-solution ,
$u(x, t)\geq w(|x|, t)$ .
Lemma 3 , $w(|x|, t)$ $\partial B_{d_{0}}$ , $u(x, t)$
.
1.2 Theorem 2
$c(T-t)^{-1\prime 2(q-1)}\leq\Vert u(\cdot, t)\Vert_{\infty}$ [6] Theoreml.1
, $\Vert u(\cdot, t)\Vert_{\infty}\leq C(T-t)^{-1\prime 2(q-1)}$




$X(\rho, s)=(1-\rho R_{s})^{n-1}e^{-\rho^{2}/4}$ .
, $s$ .
$\frac{d}{ds}E[w](s)=-\int_{0}^{R_{s}}(|w_{s}|^{2}+\frac{ake^{-sk}|w|^{p+1}}{p+1})Xd\rho$
$+ \frac{(n-1)}{2}\int_{0}^{R_{s}}(\frac{|w’|^{2}}{2}+\frac{|w|^{2}}{4(q-1)}+\frac{a|w|^{p+1}}{p+1})\frac{\rho X}{R_{s}-\rho}d\rho$ .
.
$\frac{d}{ds}E[w]\leq-\frac{1}{2}\int_{0}^{R_{\epsilon}}|w_{s}|^{2}Xd\rho+ce^{-s\prime 2}$ .
[2] Theorem4.2 $w(r, t)$
. , $\Vert u(\cdot, t)\Vert_{\infty}\leq C(T-t)^{-1/2(q-1)}$
.
1.3 Theorem 3
$v(r, t)=u(r, t)^{-(q-1)}$ . Theorem3
.
$-c\leq v_{t}(R, t)\leq-C$ . (8)
$v(r, t)$ $\{r=R\}$ , (8) $(t, T)$
$c^{-1\prime(q-1)}(T-t)^{-1\prime(q-1)}\leq u(R, t)\leq C^{-1/(q-1)}(T-t)^{-1\prime(q-1)}$ .
$\bullet$ (8)
Lemma . .
Lemma 4 ( ). $u(r, t)$ (1) . , $T_{1}\in$
$(0, T),$ $m_{1}>0$ , $(r, t)\in[0, R]\cross[T_{0}, T)$
$v’(r, t)\leq-(q-1)+m_{1}(R-r)$ .
Lemma 4 $v’(R, t)=-(q-1)$ , $v”(R, t)\geq-m_{1}$ . ,
(5) , $r=R$
$v_{t}(R, t)=v’’(R, t)- \frac{(n-1)}{R}(q-1)\geq-m_{1}-\frac{(n-1)}{R}(q-1)$ .
(8) .
$\bullet$ (8)
$u_{0}(r)\leq u_{0}(r)^{q}$ , $v_{0}’(r)\geq-(q-1)$ . Lemma 1






$v(r, t)$ . Theorem4 ,
.
(i) $v_{t}(r, t)$ (ii) (5) $\frac{1}{v}((q-1)^{2}-|v’|^{2})$
, (i), (ii) , (5) $v’(r, t)$ .
, Theorem4 . $u(r, t)$ (1)
. , .
.
Lemma 5. $r’\in(0, R)$ , $c_{r’}>0$
$|u’(r, t)|\leq c_{r’}$ for $(r, t)\in[0, r’)\cross(0, T)$ .
Lemma 6. $K>0$
$|u_{t}(r, t)|\leq u_{t}(r, t)+K$ for $(r, t)\in[0,$ $R\cross(O, T)$ .
Lemma $(i)-(ii)$ .
Lemma 7. $R’\in(0, R),$ $C_{0}>0$
$u_{t}(r, t)\leq C_{0}u’(r, t)$ for $(r, t)\in[R’, R]\cross[0, T)$
Proof. Lemma 4 (8)
, .
Lemma 8. $C_{1}>0$
$|v’(r,$ $t)|\leq C_{1}$ for $(r,$ $t)\in[0,$ $R]\cross[0,$ $T)$ .
Proof. Lemma 4 , $R’=R-(q-1)/m_{1}$
$-(q-1)-m_{1}(R-r)\leq v’(r, t)\leq 0$ for $(r, t)\in[R’, R]\cross[0, T)$ .
, $(r, t)\in[R’, R]\cross[0, T)$
$v”=v_{t}- \frac{n-1}{r}v’+\frac{q}{(q-1)v}(|v’|^{2}-(q-1)^{2})$
$\geq v_{t}+\frac{q(-2M(q-1)(R-r)+M^{2}(R-r)^{2})}{(q-1)v}\geq-|v_{t}|-c$ .
$[u1+= \max\{u, 0\},$ $[u]_{-}= \max\{-u, 0\}$
$[v’]_{-}\leq|v_{t}|+c$ for $(r, t)\in[R’, R]\cross[0, T)$ .
116
Lemma 6 Lemma 7 ,
$[v”]_{-}\leq-C_{0}v’+c$’ for $(r, t)\in[R’, R]\cross[0, T)$ .
,
$\int_{R}^{R}[v’’]_{-=}-C_{0}(v(R, t)-v(R’, t))+c’(R-R’)$ .
, $v”=[v”]_{+}-[v"]_{-}$
$\int_{R}^{R}[v"]_{+}=\int_{R}^{R}v’+\int_{R’}^{R}[v’]_{-=}-(q-1)-v’(R’, t)+\int_{R}^{R}[v’’]_{-}$ .
Lemma 5 , .
$\int_{R}^{R}|v’(r, t)|dr\leq c_{R’}$ .
,
$v’(r, t)=v’(R, t)+ \int_{r}^{R}v’’(\rho, t)d\rho\geq-(q-1)-C$.
$v’(r, t)\leq C$ Lemma 4 .
Lemma 9. $C_{2}>0$ , .
$|v’(r, t)^{2}-(q-1)^{2}|\leq C_{2}v(r, t)$ .
Proof. (1) $u’$ $(r’, r)$ ,
$u’(r, t)^{2}-u(r, t)^{2q}=u’(r’, t)^{2}-u(r’, t)^{2q}-2 \int_{r’}^{r}\frac{(n-1)}{r}|u’|^{2}+2\int_{r’}^{r}u_{t}u’$ . (9)
Lemma4 $r’\in(0, R)$ .
$u’(r, t)\geq 0$ for $(r, t)\in(r’, R)\cross(0, T)$ .
Lemma 8 $|u’(r, t)|\leq Cu(r, t)^{q}$ , Lemma 5 Lemma 7 , $(r, t)\in$
$(r’, R)\cross(0, T)$
$\int_{r’}^{r}|u_{t}||u’|\leq c\int_{r’}^{r}(|u’|^{2}+1)\leq c’\int_{r’}^{r}(u’u^{q}+1)\leq c’’u(r, t)^{q+1}$ (10)
(9) (10)
$|v’(r, t)^{2}-(q-1)^{2}|\leq c_{r’}u(r, t)^{-q+1}=c_{r’}v(r, t)$ .
, Lemma 9 .
Lemma 7 Lemma 8 (i) . , (ii) Lemma 9 .
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